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Abstract
Based on the quantum transport equation for the electron-phonon system,
the absorption coefficient of sound (acoustic phonons) by absorption of laser
radiation in cylindrical quantum wires is calculated for the case of monophoton
absorption and the case of multiphoton absorption. Analytical expressions and
conditions for the absorption of sound are obtained. Differences between the
two cases of monophoton absorption and of multiphoton absorption are dis-
cussed; numerical computations and plots are carried out for a GaAs/GaAsAl
quantum wire. The results are compared with bulk semiconductors and quan-
tum wells.
1. Introduction
The theory of amplification of sound (acoustic phonons) by absorption of laser
radiation in bulk semiconductors and quantum wells has been widely studied in [1÷6].
In [3,4,5] the problem was restricted to bulk semiconductors with monophoton ab-
sorption and multiphoton absorption processes. In [1,2] the problem was considered
for quantum wells with monophoton and multiphoton absorption processes, or in a
quantizing magnetic field that does not have the restriction conditions of Ref [6].
All these authors showed that the absorption coefficient of sound can be negative in
some regions of values of acoustic wave vector q, or it turns into the amplification
coefficient of sound.
In order to continue these ideas, in this paper we study theoretically the ampli-
fication of sound by absorption of laser radiation in cylindrical quantum wires with
monophoton absorption and multiphoton absorption processes. To do so, we establish
quantum transport equation for phonon. Solving this equation, we obtain analytical
expressions for the coefficients and the conditions for the amplification of of sound.
2. Quantum transport equation for acoustic phonons
Consider a cylindrical quantum wire with radius R and potential:{
V (~r) = 0 r < R
V (~r) =∞ r > R .
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Solving Schro¨dinger equation we obtain the wave function and the energy spectrum
for electron [10]:
Φ(r, θ) =


1√
πR
1
Jn+1(An,l)
Jn
(An,lr
R
)
e±inθ r < R
0 r > R
, εn,l(~k) =
k2
2m∗
+
A2n,l
2m∗R2
.
An,l is the l
th root of Bessel equation of order n : Jn(x); n, l are quantum numbers;
m∗ is the effective mass of electron; ~k is the electron wave vector (along the wire’s
axis: z axis).
Thus in second quantization representation, the Hamiltonian for the electron-
phonon system in a quantum wire in external field can be written as:
H(t) =
∑
n,l,~k
εn,l
(
~k − e ~A(t))a+
n,l,~k
a
n,l,~k
+
∑
~q
ω~qb
+
~q b~q +
+
∑
n,l,n′,l′,~k,~q
Cn,l,n′,l′(~q)an,l,~k+~qan′,l′,~k(b
+
−~q + b~q). (1)
Where a+
n,l,~k
and a
n,l,~k
(b+~q and b~q) are the creation and annihilation operators of
electron (phonon); ~q is the phonon wave vector; Cn,l,n′,l′(~q) is the interaction coefficient
of electron-acoustic phonon scattering; ~A(t) =
1
Ω
~E0 cos(Ωt) is the potential vector,
depends on the external field. All formulae are written in units where h = 1 and
c = 1.
Process in a similar way to Ref [1,4,5,7], from (1), we obtain the quantum trans-
port equation for acoustic phonons in quantum wires:
∂
∂t
〈
b~q
〉
t
+ iω~q
〈
b~q
〉
t
= −
∑
n,l,n′,l′
∣∣Cn,l,n′,l′(~q)∣∣2∑
~k
[
nn,l(~k − ~q)− nn′,l′(~k)
] ∫ t
−∞
〈
b~q
〉
t1
×
×
∑
ν,s=−∞
Jν
(λ
Ω
)
Js
(λ
Ω
)
exp
{
i
[
εn′,l′(~k)− εn,l(~k − ~q)
]
(t1 − t)− iνΩt1 + isΩt
}
dt1,
(2)
Where the symbol
〈
x
〉
t
means the usual thermodynamics average of operator x; nn,l(~k)
is the distribution function of electron; λ =
e~q ~E0
m∗Ω
.
3. The amplification of sound in quantum wires with monophoton absorp-
tion process
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Using Fourier transformation, from (2), with δ → +0, we have:
(ω − ω~q)B~q(ω) =
∑
n,l,n′,l′
∣∣Cn,l,n′,l′(~q)∣∣2∑
~k
[
nn′,l′(~k)− nn,l(~k − ~q)
]×
×
∑
ν,s=−∞
Jν
(λ
Ω
)
Js
(λ
Ω
) B~q[ω + (s− ν)Ω]
[εn′,l′(~k)− εn,l(~k − ~q)− ω − νΩ− iδ]
,
Where B~q(ω) is the Fourier transformation of
〈
b~q
〉
t
.
Neglecting the terms of two or higher order in the interaction coefficient Cn,l,n′,l′(~q),
we have the dispersion equation:
ω − ω~q =
∑
n,l,n′,l′
∣∣Cn,l,n′,l′(~q)∣∣2∑
~k
[
nn′,l′(~k)− nn,l(~k − ~q)
]×
×
∑
ν=−∞
J2ν
( λ
Ω
) 1
[εn′,l′(~k)− εn,l(~k − ~q)− ω~q − νΩ− iδ]
.
From this we obtain the general formula for absorption coefficient of acoustic phonons
in quantum wires:
α(~q) = −π
∑
n,l,n′,l′
∣∣Cn,l,n′,l′(~q)∣∣2∑
~k
[
nn′,l′(~k)− nn,l(~k − ~q)
]×
×
∑
ν=−∞
J2ν
(λ
Ω
)
δ
{
εn′,l′(~k)− εn,l(~k − ~q)− ω~q − νΩ
}
, (3)
here δ(x) is the Dirac delta function.
In this section, we study the monophoton absorption process, thus the parameter
in the Bessel function is small: λ ≪ Ω. Assume the electron is non-degenerate, we
obtain the expression for the sound absorption coefficient:
a(~q) =
m∗n0λ
2
4qΩ2
∑
n,l,n′,l′
∣∣Cn,l,n′,l′(~q)∣∣2 ×
× exp
[
− A
2
n′,l′
2m∗kBTR2
− m
∗
2kBTq2
(a2 + Ω2)
]
Λn,l,n′,l′(~q,Ω), (4)
where n0 is the electron density, kB is the Boltzmann constant, a =
A2n,l − A2n′,l′
2m∗R2
+ ω~q +
q2
2m∗
,
and
An,l,n′,l′(~q,Ω) = exp
( ω~q
2kBT
){
exp
(
− m
∗aΩ
kBTq2
+
Ω
2kBT
)
sh
(ω~q + Ω
2kBT
)
+
+ exp
(m∗aΩ
kBTq2
− Ω
2kBT
)
sh
(ω~q − Ω
2kBT
)}
.
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Due to the δ function in Eq.(3), the momentum must satisfy the condition:
k ≥
∣∣∣q
2
+
m∗
2
(A2n,l − A2n′,l′
2m∗R2
+ ω~q
)
± m
∗
q
Ω
∣∣∣. (5)
From Eq.(4), we see that when ω~q ≪ Ω the absorption coefficient is negative, or in
orther word , it is the amplification coefficient of sound: α(~q) < 0:
α(~q) = −m
∗n0λ
2
2qΩ2
∑
n,l,n′,l′
∣∣Cn,l,n′,l′(~q)∣∣2 exp (− A2n′,l′
2m∗kBTR2
− m
∗a2
2kBTq2
)
×
× exp
[ ω~q
2kBT
− m
∗Ω2
2kBTq2
]
sh
( Ω
2kBT
)
sh
[ m∗Ω
kBTq2
(
ω~q +
A2n,l − A2n′,l′
2m∗R2
)]
. (6)
4. The amplification of sound in quantum wires with multiphoton absorp-
tion process
Assume the parameter in Bessel function is large: λ ≫ Ω and the electron is
non-degenerate, use approximate formula [8,9]:∑
ν
J2ν
(λ
Ω
)
δ(E − νΩ) = θ(λ
2 − E2)
π
√
λ2 − E2 . θ(x) =
{
1 x > 0
0 x < 0.
From the general formula (3), we obtain the analytical expression of the coefficient
of sound:
α(~q) =
π
1
2n0m
∗
2q
exp
(
− m
∗λ2
2kBTq2
) ∑
n,l,n′,l′
∣∣Cn,l,n′,l′(~q)∣∣2 ×
×
∞∑
ν=0
Γ
(
ν + 1
2
)
ν!
[
χn,l
(−q2
2m∗
)
− χn′,l′
( q2
2m∗
)]
, (7)
where:
χn,l(x) = exp
[
− −A
2
n,l
2m∗kBTR2
− m
∗
2q2kBT
(A2n,l −A2n′,l′
2m∗R2
+ x+ ω~q
)2]
×
×
(
λ
A2n,l − A2n′,l′
2m∗R2
+ x+ ω~q
)ν
Iν
[ m∗λ
q2kBT
(An,l − An′,l′
2m∗R2
+ x+ ω~q
)]
,
Iν(x) is the complex Bessel function of order ν.
From the θ function above, we derive the momentum condition:
k < ±q
2
+
A2n,l −A2n′,l′
2qR2
+
m∗
q
|λ|. (8)
Note that if
χn,l
(−q2
2m∗
)
< χn′,l′
( q2
2m∗
)
, (9)
then α(~q) < 0, which means we have the amplification coefficient of sound.
4
5. Discussion
From the obtained result (4), we plotted the dependence of the absorption coef-
ficient of sound on wave vector (figure 1), on wave vector and laser frequency (figure
2), and on temperature β = kT (figure 3) for the case of monophoton absorption
in a GaAs/GaAsAl quantum wire with R = 100
◦
A, m = 0.067m0, ~ = 1, c = 1.
Note that the plots include both positive region and negative region (which means
we have the regions of sound absorption and sound amplification). In figure 1, we
can see a maximum in the amplification of sound at q ≈ 0.0004 meV, while the
maximum for the case of absorption of sound (the positive region in the graph) is
obtained at q ≈ 0.0012 meV. The graph has a similar form with the correspondent
graph in quantum wells [1], except that the region of wave vector is different. Figure
2 shows the dependence of α on phonon’s wave vector and laser frequency. Note
that the maximum and the minimum of α do not change with laser frequency. In-
stead, the absorption coefficient decreases slightly with increasing laser frequency.
Figure 3 is plotted for the dependence of α on temperature β = kT , with k is Boltz-
mann constant. The laser frequency is 50 meV. Figure 3a is plotted with a value of
q ≈ 0.0004 meV (the minimum of ( in Fig.1), whereas figure 3b is plotted with a
value of q ≈ 0.0012 meV (the maximum of α in Fig.1). Both graphs show that the
absorption or amplification is strongest when β is in the interval of 0.05 and 0.1 meV.
The formulae (4), (7) are carried out only when the conditions (5), (8) are satis-
fied. That is, only phonons with proper momentum are absorbed or amplified. In the
limiting case when ω~q ≪ Ω (for monophoton absorption), α(~q) < 0 and we have the
amplification coefficient of sound, or the number of phonon is increased with time.
These formulae are more complicated than the correspondent formulas in quantum
wells due to the intricate dependence of the electron wave function and energy spec-
trum on Bessel function. With bulk semiconductors, because of the continuance of
the energy spectrum, the dependence has a completely different form [3].
In the case of multiphoton absorption, the absorption coefficient and the momen-
tum condition intricately depend on the variable (the exponential and the complex-
Bessel function). The dependence on the complex - Bessel function Iv(z), z varies
with the intensity of the laser radiation field
(
λ =
e~q ~E0
m∗Ω
)
showed that the amplifica-
tion of sound depends on the intensity of the radiation field with the order greater
than two, while the dependence in the case of monophoton absorption is of the order
two. When the condition (9) is satisfied, we also have the amplification of sound.
Compare these formulae with the expressions in [3] we realize the difference for both
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the dependence and the momentum conditions.
6. Conclusion
In conclusion, we want to emphasize that:
1. The quantum transport equation for phonon in quantum wires was established,
which has a similar form with those in quantum wells and bulk semiconductors.
2. Analytical expressions and conditions for the absorption coefficient of sound
(acoustic phonons) were first obtained in the case of monophoton absorption
and multiphoton absorption. In proper conditions, the absorption coefficient of
sound is negative and turns out to be the amplification coefficient of sound.
3. The results are general and avoided the approximations used in [6]. The depen-
dence of the absorption coefficients of sound is more complicated than those in
the case of quantum wells and bulk semiconductors.
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Figure
Fig. 1 Dependence of absorption coefficient of sound on wavevector with β = 0.08
meV, Ω = 50 meV, ~ = 1, c = 1.
Fig. 2 Dependence of absorption coefficient on wave vector and laser frequency, with
β = 0.08 meV, ~ = 1, c = 1.
Fig. 3 Dependence of absorption coefficient on temperature. Figure 3a is plotted at
q = 0.0004 meV and figure 3b at q = 0.0012 meV, Ω = 50 meV, ~ = 1, c = 1.
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